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1. Introduction

Linear recurrences have played (and will most certainly play) an important role
in many areas of mathematics. Various authors have studied various properties of
linear recurrences (such as the well-known Fibonacci and Pell sequences).

In [2], Er defined k linear recurring sequences of order at most k as shown: For
n>0and 1<i<k,

k
In = Z In—j
j=1

with initial conditions
i { 1 ifn=1-1,

— —k<n<
In 0  otherwise, for 1-k<n<0,

where g’ is the nth term of the ith generalized order-k Fibonacci sequence.
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More generally, in [6], the author gave the generalized order-k Fibonacci and Pell
(F-P) sequence as follows: Form >0, n>0and 1 <i<k

Up = 2 Up_1 T Uy o+ AUy,

with initial conditions

; 1 ifn=1-1
= ’ —k<n<
Un { 0 otherwise, for1-k<n<0,

where !, is the nth term of the ith generalized order-k F-P sequence.

When m = 0, the generalized order-k F-P sequence {u;} is reduced to the gener-
alized order-k Fibonacci sequence { gfz} Also when m = 1, the generalized order-k
F-P sequence is reduced to the generalized order-k Pell sequence {Pfl} (for more
details see [5]).

Define k sequences of kth order linear recurrence relation { ffl} as shown, for
n>0and1<i<k

(1.1) fi=afi i +efi o+ +afip
with initial conditions

. 1 ifn=1-4
f”_{ 0 otherwise, forl—k<n<0

where ¢, 1 < j <k, are real constant coefficients, and f? is the nth term of the ith
sequence. When k = 2,¢1 = ¢ = 1, respectively, k = ¢; = 2, co = 1 the sequence
{ ffl} is reduced to the Fibonacci sequence {F,}, respectively, the Pell sequence
{Pn}.

Define the k£ x k companion matrix A and the matrix G, as follows:
(1.2)

c1 € ... Ckp—1 Ck 1 ) .

Lo 0 0 R N
A= 0 1 e 0 0 Gn _ n—1 n—1 N n—1

6 0 1 O f’r:Yl,fk{»l fﬁ,kJrl frlfkarl

Using the approach of Kalman [3], Er [2] showed that

(1.3) G, = A"
and

(1.4) fla=cfi+ it for1<i<k-—1
(1.5) fro=cfl

Matrix methods are helpful and convenient in solving certain problems stemming
from linear recursion relations, such as that of finding an explicit expression for
the nth term of the Fibonacci sequence (see [9]), or of analyzing the vibration of
a weighted string [10, pp. 152-154]. Here we will consider a more general case
using matrix methods to obtain some explicit formulas for the nth term of a general
recurrence relation and the sums of terms of the recurrence. The general linear
recurrence relations have been considered by many mathematicians (for references,
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see [1, 2, 4, 5]). The authors of [4, 6, 7] give the generalized Binet formula for the
generalized order-k Fibonacci, Lucas and Pell numbers by matrix methods.

In this paper, we consider k sequences of general order-k linear recurrences with
k arbitrary initial conditions and coefficients. Then we study the properties of &
linear recursive sequences and derive many applications to matrices.

2. General linear recurrence with £ initial conditions

Define a set of k sequences satisfying the generalized order-k linear recurrence
{tt (r1,72,...,7%)} as shown: For n > 0 and 1 <4 <k,
b = City_y +caty_y + - ety

with k initial conditions

ry ifn=1-—1,

ro ifn=2-—1,
= : : for1—-k<n<0

r, ifn=~k—1,

0  otherwise,
where the coefficients ¢; and the initial conditions r; are arbitrary, for 1 < ¢ < k,
and t}, is the nth term of ith sequence. Clearly, {t} (1,0,...,0)} = {fi}, where f}

are given by (1.1).
Next, we define a k x k matrix H,, = [hs;] by

t 2 .tk
th 2, ...tk
(2.1) H,=1| " " "
1 ’ 2 k
tnkarl tn7k+1 s tnkarl

By Kalman’s [3] approach, we find that
(2.2) H, = AH,_ and so, H, = A" 'H,,
where the matrix A is given by (1.2).

Theorem 2.1. Forn > 0,
t, = Zri+1—jf£7
j=1
where fi is defined as before.

Proof. From (2.2), we have H,, = A" 1 H;. From (2.1) we get

r 1 2 k
tl t2 tk E CiT2—j E CiT3—j E CiTk+1—j
! : j=1 j=1 j=1

1 2 .. k
H. — Lo 5 Lo . 1 T . Tk
1= . . =
: 0 r1 e Tk—1
1 2 k
t2—k tQ—k e tQ—k
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which implies that
(2.3) H, = AE,

where the matrix F is the k x k upper tridiagonal matrix of the form

T T2 T3 ... TEk

rn T2 ... TEp-1

E = T1 vee TE—2
0 1

Using Er’s approach [2] and (1.3), we obtain A" = G,,. Since H,, = A" 1H; and
H, = AFE, we get

(2.4) H, =A"FE,
which can be re-written as
(2.5) th="> ri1;f,
j=1
and the proof is complete. 1

Therefore we see that the general recurrence with arbitrary initial conditions can
be written as a linear combination of terms of the recurrence { f,’L} By this result,
we can easily derive some properties of the recurrence {t, }.

Corollary 2.1. Forn € Z,

ty 2 ...tk
tL 2., ..t
det n, n, n, = (—1)’“rl ckr]f.
1 2 k
tnferrl tn7k+1 e tnkarl

Proof. Let H,,G, and E be the matrices defined in the proof of Theorem 2.1.
It is clear that detG, = (—1)""'¢; and det E = r¥. Taking the determinant in
H, = G, F shows our claim. |

Corollary 2.1 is a vast generalization of the well-known Cassini’s identity for the
Fibonacci numbers, that is, F2 — F,_1F, 41 = (—=1)""".

Corollary 2.2. Let 2% — cizF ™' —conbF=2 — . — ¢y = (x— A1) - (z— M) and

en = AT + Ay +---+ AL Then

k i
€n = Z <Z Ti+1—mf77:f|-1_t> .

i=1 \m=1

Proof. A is the companion matrix from (1.2) and kb — bl — k2 - —

is its characteristic polynomial, whose roots (also, eigenvalues of A) are Aq,..., Ag.
Thus the eigenvalues of A™ are AT,...,A;. Denote the trace of the matrix W by
tr(W). By Theorem 2.1,

en =N+ A0+ + A} =tr (Hy) = tr (GLE)



A Matrix Approach for General Higher Order Linear Recurrences 55

7
m
(Z Ti+1mfn+1—t> .
1

m=1

k

(2

Thus the proof is complete. 1

3. Sums of the terms of recurrence {t%}

In this section we deal with the sums of the terms of recurrence {tfl} subscripted
from 1 to n. By the result of Theorem 2.1, clearly

k
(3.1) th="> re-jr1fi-
j=1

The characteristic polynomial of both the matrix A and the sequence {f¥} is
E(r) = 2% —cpab=1 — 2?2 — ... —cp 12 — ;. Let A1, Mo, ..., \x be the charac-

teristic roots of the equation.

Hypothesis 1. Throughout this paper, we suppose that the roots \i,..., )\ are
distinct (which happens if gcd(E, E’) = 1) and not equal to 1.

As special cases, we note that when ¢; = 1 for 1 < i < k, the equation z* —
21 — ... — 2 —1 = 0 does not have multiple roots (see [7]). Also, when ¢; = 2 and
¢; = 1 for 2 <4 < k, the equation ak —2gk—1 —gk=2_ ... _ 2 —1 =0 does not have
multiple roots (see [5]). For the case ¢; = 2™, ¢; =1for 2 <i <k and m > 0, we
refer to [6].

Let V = AT be a k x k Vandermonde matrix, where

DU U D VI |
P N D TR |
(3.2) A=| 72 ? .
DD e D VA |
Let w}, be the column matrix
/\71L+k—i
/\gL—i-k—i
wy, =
/\;CH:k—i

and AJ@ be the k X k matrix obtained from A by replacing the jth column of A by
The generalized Binet formula for the recurrence { ffl} can be expressed using
V =A" and V" = A",

Theorem 3.1. Forn>0and1 <1i <k,

, ()
n—i+l = W-
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Proof. Since the eigenvalues of A are distinct (by our Hypothesis 1), we infer that A
is diagonalizable. It is readily seen that AV = VD, where D = diag (A1, A2, ..., Ag) .
Since V is invertible, V1AV = D. Hence, A is similar to D. So we obtain A"V =
VD", Since A" = G, = [g;5], we obtain the following linear system of equations:
9i1>\]f71 + gi2)\]1€72 +t gk = )\?Hcii
g As TN giaAS TP A b g = AR

gn)\ﬁ_l + gigAg_Q + g = )\2+k—i.

Thus, for j = 1,2,...,k, we get g;; = det (A?)/det (A), where G,, = [g¢;;] and

Gij = ffhwl. The proof is complete. 1
Corollary 3.1. Forn > 0, we have
, 1 < 1y
fom S e (W),
n T et (A) &= EHTT R
Jj=1

For example, when ¢; = 2 and ¢; = 1 for all 2 < j < k, the sequence {f}}
is reduced to the generalized order-k Pell sequence {P?} and so the sums of the
generalized order-k Pell numbers is given by

Pl +P2+...+Pk—1)

~ e (
;P;L - .

When k£ =3, ¢; =1 for 1 <i < 3, the sequence { f}L} is reduced to the generalized
Tribonacci sequence {Tfl} and so

Tr+T2+T3—1)

L
3 _
S

and by the definition of the {77}, we have T} = T3, and T2 = T + T33_,. For

n
easy writing, we denote T by T),. Thus we can write

En:T' (T 42T+ Ty = 1) (Tpgo + Tn — 1)
=1

2 2

We expand our matrix method to find all sums of terms of k sequences of gener-
alized order-k recurrences { f,’l} subscripted 1 to n for all 1 <14 < k.

Define the following two sums: For 1 < i < k, let Sy(f) = ZZ;ﬂ fi, and T,(f) =
Sl fi . Then T = Sﬁﬁﬂ_l + 1, since

i 1 ifi=1-—n,
fn= { 0 otherwise, for 1 -k <n<0.
Further,

(3.3) Sr(:ll _fiy s

n
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We next define two (k 4+ 1) x (k + 1) matrices as follows:

1 0 ... 0
0
B — 0 A
1 — (i + 1) th row
0
- 0 -
and
[ 1 0 0
S(i)
(?) — 1st row
Syl — 2nd row
Gn : :
Yn,z = SnlfHFQ — (Z — 1) th row
TT(LZ) — ith row
i ; + 1) th
T'I(L—l — (i+ ) row
('). — kth row
L Tnz—k—i-i i

where the matrices A and G,, were defined before. We have the following result.
Theorem 3.2. Forn >0,
Y, ; = B
Proof. Combining the identities (3.3) and (3.4), we obtain
Yoi1,=Y,:Bi=---=Y1,B}".

From the definitions of {Tp} and {Sff)} , we can easily check that Y7 ; = B;, and
the theorem is proven. 1

Now we are going to derive an explicit expression for every sum 57(5) for1<i<k
by matrix methods.

We first make some observations. If we expand det B; with respect to the first
row, we get

det B; = det A
and the characteristic polynomials of A, B; satisfy
Co, () = (1= N Ca (V).

Since A1, Ag, ..., A\g are the roots of Cy (A) (distinct and nonequal to 1), the eigen-
values of matrix B; are A1, As, ..., Ak, 1. Therefore the eigenvalues of the matrix B;
are distinct, and so B; is diagonalizable.
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For easy writing, let

k
doc 1

t=1

uizikfor1<i§kand,u1: —
1-— Z C¢ 1— Z Ct
t=1 t=1
The following (k4 1) x (k + 1) matrix for 1 <i <k
[ 1 0 o ... o ] oo 0
ARy S I o
i AT Ay~ N Z
. : : : Hi
' 5 i i ; 1%
r= o )\Ifkjl )\gkjl )\zkjl B Hi
pit 1l AT A Ap i +1
L +1 )\]{:7171 )\]267271 )\27271 .
: A Ao A it 1
| pi 1 1 1 e 1 l - -

satisfies B;P = PD;, where D; is the (k+1) x (k+ 1) diagonal matrix defined
previously, Dy = diag (1, A1, A, ..., Ax) . Here we note that if we expand det P with
respect to the first row, then we get det P = det A. Since A is the Vandermonde
matrix, the matrix P is invertible.

Theorem 3.3. Forn >0 and1l<i <k,
k k
S = (1= f | = DA
j=1 m=1

and
k: .
SY=m (1= 1
j=1

Proof. Since B;P = PD; for 1 < i < k and the matrix P is invertible, we write
BI'P = PD? and so Y, ;P = PD7. By equating the (2,1) entries of the equality
Y, P = PD7, we have the conclusion.

For the case i = 1, one can see that BP; = P; Dy where the (k + 1) x(k + 1) matrices
B and P; are as follows

O =

M1
A and P, =

H1
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By induction on n, we see that

1 0o ... 0
sy
v—p—| S Gn
(i)
Sn—k+1
Similar to the cases 1 < i < k, the proof is easily seen for the case i = 1. 1

As a consequence of Theorem 3.3, we get

r
5, =S fk o (S £ 1)
n_;fi_cl+02+"'+ck*1.

Let V; ; be a k x k matrix obtained from the Vandermonde matrix V' by replacing
the jth column of V by e; where V = AT is defined as in (3.2) and e; is the ith
element of the natural basis for R™, that is,

e; = (0,...,0, %,O,...O)T

ith

and r k—1 k—1 k—1 k—1 7
)\Ilf , /\£712 0 )\fjé )\Z ,
Y U B AT
A’f:fl o Af;’fl 0 Aﬁk‘_{fl o Aﬁ:’fl
ML N g AR
A1 Aj—1 0 Nt Ak
! 10 1 1]
Let q](.i): “I/{‘/'jl.

Theorem 3.4. For any integer n and 1 <1 < k,

k
fo= o a X
Jj=1

Proof. We consider the following system of k linear equations in k£ unknowns z1, Ta, ..., Tg:
Foyk—1 yk—1 k=1 -
Al A5 R ) 0
AT A o | =1
R :
0
1 1 ... 1 L
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Using Vandermonde’s determinants and Cramer rule, we get

@ _ Wigl o0

QJ |V| (Z 7 yr ) )
and so, for n,k > 0 and 1 < i < k, fi = 2?21 q§i))\?+k71, which completes the
proof. 1

Consequently, we extend the result of Theorem 3.4 to the general order linear
recurrences {t } by the result given by (2.5).

Corollary 3.2. For any integer n and 1 <1 <k,
i

k
th=D > ririgd AT

j=1s=1
As an example, we consider the sequence {7} },
T! =T +3T ,+T! ,,n>21<i<3
with

L (1 ifi=1-n,
T"_{O otherwise, for 1 -k<n<0,

displayed in the following table:

i\n[1 2 3 4 5 6 7 8

1 [1 4 8 21 49 120 288 697 {1}
2 |3 4 13 28 71 168 409 984 ... {T?}
3 |1 1 4 8 21 49 120 288 {13}

Here we note that v, = —1, 79 =14+ V2,73 =1 — /2 and
1) _ 1 (1) _ 1 (1) 1

%1 T (i) (i—2)? & = (v2=3)(v2—71)’ 45 = (v2—73)(v1—73)’
(2) _ _ Y2t (2 _ it (2) _ _ Yit2
Lol (i)’ 12 (273 (n—72)° 93 (v2=v3)(v1—73)?
(3) _ Y23 (3) _ _ Y173 (3) _ 172
N Thmi—) 2T T hm e BT G (i)
Therefore, by Theorem 3.4, we get
T "t N %t N 5
M=) =72 (e—1)0O2—7) ©O2—7)M—"73)
2o (2 ts) " m+wrnt ()t

m=r2)(n—7) (=)= (2—7)01—)
and since y1v27y3 = 1,

B SG 'so G 11 N2t
n - — —_ — J— J— J—
(71 ’73) (71 72) (71 72) (72 73) (72 73) (71 73)
B 7t ! B
= + +
(71 - ’73) (’Yl - 72) (72 - 71) (72 - ’Ya) (72 - 73) (71 - 73)
= Tifl'

Observe (from table above) that T = T}

n—1-
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4. Generating Functions

In this section we derive the family of generating functions G (i,z) = Y o, fiz" for
the generalized order-k recurrences { f;} foralli, 1 <i<k.

Theorem 4.1. For1<i <k,

i k—1 k 1
Fi4 T (S s cofiny ) ™

G ) =
(i, ) 1—cx—coa? — -+ —cpak

Proof. Let G (i,7) = féa® + fial + fix® + -+ + fiz"™ + .. . Consider

(1 —r—cgxt— o — ckxk) G (i,x)

= fo+ flo+ fia* 4+ flab o flam
—aflir—afis® —efiad - —ceifi 2 — = ft ...
— o for® — ep flaf T — e fiah TR — el pat — -

=fo+ (fi—af)e+ (fi-afl—cf)a®+
+ (i —afis—cafis— - —a1fy) 2"
+(fi—afii—cfio— —aafy—ofl) "+
+(fh—afioi—cafpo = —afhog) Tt 4

Now we compute the coefficients of ™ of the equation above. From the definition
of {f}L} , we get

ff C1f(§ +C2fi1 + - “"Ckfffk
fioi=afi s+eafi s+ +aafi+af,

fi=afi_i+efi_ot+tenfi_

and so
fi—afi=cf + - +afiy
fi—afli—cafi=cf + - +afiy
fici —erfica —cafis = — a1 fo = e fly
Then for n > k, by the definition of {f}}, the coefficients of 2™ are all 0. |

For example, for fixed k& and 1 < i < k, we take i = 1. Thus
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From the definition of {f;}, the initial conditions of the recurrence { f;} are given
by

1 1 ifn= 0,
= —k<n<
Fa { 0 otherwise, for1-k<n=0,

which implies
1
1—ciz—cox? — - —cpak’

(4.1) G(1l,z) =
More generally, we derive the generating function of recurrence {t;}, namely

9(1,2) =3 >0 th,a".

Corollary 4.1. For1<i <k,

tl + Z (Zv m+1 tinfv) xm

1—ciz—coz?2 — - - —cpak

g(i,z) =

As an example, if we take k =i =2, ¢y =cy =1 and r; = —1,r3 = 0, then the
sequence {t%} is
1,3,4,7,11,18,29, ...

which is the well-known Lucas sequence {L, }. Then by Corollary 4.1, we obtain
- 2, .n (tl )
9(22) =) thw 25:1? ““i;i:j;z*
n=0

where t3 = ro = 2 and t2; = r; = 1. Thus we have the well known result for the

Lucas numbers:
2—x
Z Lna” I

5. nth powers of a companion and k-superdiagonal determinants

In [8], the author gave a relationship between determinants of certain n x n k-
superdiagonal matrices and the terms of the nth power of matrix A given by (1.2).
In this section, we derive some new relationships between some Hessenberg deter-
minants and the terms of generalized recurrences { f}L} foralll1 <i<k.

Here, we recall a result of [8]. Define an n x n k-superdiagonal matrix M, in the
following form:

cpL Cy ... Ck 0
-1 ¢ ¢ ... ¢

Mn = -1 C1 C2
0 -1 C1

Lemma 5.1. Forn > 0,
det M,, = f,ll.
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Indeed, expanding det M,, by the elements of the first row gives us
(51) det Mn =C1 det Mn—l + c2 det Mn_g + -tk det Mn—ka
(5.2) =fa=cfp el ot tafi

Now we extend the above result for the generalized sequences {fi} for 1 <
i < k. For this purpose we introduce some new notations: For 1 < ¢t < k, let
M, (t,t+1,...,k;r) = [1h,;;] denote the matrix obtained from M, = [m;;] with
mi; = 0fori < j <wr i€ {t,t+1,...,k} and otherwise m;; = m,;. Clearly
M, (1,2,...,k;0) = M,.

Recalling that G,, = [g;;] = A", we give the following theorem for the diagonal
elements g;; = fr(fjjl).

Theorem 5.1. Forn>jand1<j<k-—1,

det M, (1;5) = f2*

where det M, (1;0) = f1.

Proof. First consider the case j = 1. If we expand the det M, (1;1) by the elements
of the first row, then

det M, (1;1) = 0(det My,_1) + codet My, o + - -+ + ¢ det My,
=codet M,,_o+ -+ crpdet M,,_.

By (5.1) and (5.2),
det M, (1;31) = cafp o+ c3fp_g+ -+ crfai
= fﬁ - leﬁq = 72171'

Thus the proof is complete for the case j = 1.
Now, we take the general case for 1 < j < k— 1. By expanding det M, (1; j) with
respect to the first row, we get

det M, (1;5) =det [ 0 ... 0 ¢jp1 ¢jgy2 ... c 0 ... 0],
which, by (5.1) and (5.2), becomes
det M, (1;7) = cjp1det My —j_1 + cjyodet My j_o + -+ - + ¢ det My,
= Cj+1f7117j71 + Cj+2f7117j72 ot e g
From (5.2) and after repeating j times the identity (1.4), we get
det My, (1;5) = ¢j1fajo1 + Cirafajo+ -+ ko

1 1 1 1
:fn_clfn—l_c2fn—2_”'_cj n—j
2 1 1 1
= nfl_Can72_C3fn73_'“_Cj n—j
] 1 _ pitl
= facjrr — Cifay = Fal5

and the proof is complete. 1
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According to the definition of M, (t,t+1,...,k;r), the matrix M, (2,3;n) can
be expressed in the compact form

[c1v e ... ¢ O ... 0 ]
-1 0 0O ... 0 0o ... 0
-1 0 0o ... O 0 0
-1 ¢ ¢ ... ¢ 0 0
Mn (27 3771) - -1 C1 Co e Ck 0
-1 ¢ ¢ ... ¢
-1 C1 C2
L 0 -1 C1 |

Theorem 5.2. Forn >k + 2,
det Mn+1 (27 3a EERE ka n) = frlf—k—&-Q'

Proof. First we consider the case of k = 2, and det M,, 11 (2;n) . The matrix M, (2;n)
has the following form:

-Cl Co Ck 0 0
-1 0 0o ... O 0 0
-1 ¢ ¢ ... 0O ... 0
M, (2;n) = -1 ¢ e -+ ¢ O
-1 ¢ ¢ ... ck
-1 C1 Co
L -1 a |

Expanding det M,,4+1 (2;n) with respect to the first row, we obtain
det M,,11 (2;m) = codet My, + csdet My—o + -+ - + ¢ det My, g1 1.
Since the first principal subdeterminant include a zero row, by Lemma 5.1, we write
det Moy (2;n) = cof} | +esfl o+ -+ ckfi_kﬂ
=—afptafiteafi i tesfa s+t crfa i
= —c1fp + fatr:

By (1.4), we obtain det M,,+1 (2;n) = —c1 f+fL,; = f2. Thus, the proof is complete
for k= 2.
Continuing this expanding process with respect to the first row for the det M,, 41

(2,3,...,k;n), for j > 2, we get
det Myy1(2,3,...,5;n) =cjdet My_jp1 + cjp1det My + - -+ + ¢ det My 41

which, by Lemma 5.1, gives
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det Myy1(2,3,...,4sn) = ¢ fo_ji1+c3fa i+ +crfh_pn
= (afy+eafasy o+ cio1fajyo)
—(cifpteafi ot eioifr i)
i fa it esfa i+t Cfa g
=for—(afh+eafa 1+ Feimafajia)-
By (1.4), we obtain

det Myi1(2,3,...,55n) = foog —cifh —cafp 1= —cimifh_jia
2 1 1
=fn—cfpaa—— Cj—lfn—j+2
j—1 '

1
= fajes —CGi-1fajia = f7jz—j+27
and the proof is complete. 1

Now we present further relations including other entries of G,, and the determi-
nant of certain matrices.

Define the n x n matrix M, (¢; ) in the compact form:

C; Ci4+1 Ck o --- 0
-1

My (ci) = | O M1

where M,, is defined as before.

For2 <t <rlet M, (¢;k,t,t+1,...,7) = [h;;] denote the n xn matrix obtained
from M, (¢; 1) = [mi;] with taking m;; =0fori < j <r ie{t,t+1,...,n} and
otherwise m;; = M.

For example, M7 (¢c2,4,3,4) takes the form:

C2 C3 Cq 0 0 0 0

-1 C1 C2 C3 C3 Cyq 0

-1 0 0 0 0 O

M7 (02,4,3,4) = 0 0 0 0

0 0 -1 C1 C2 C3

0 0 0 -1 C1 C2
0
<

0 0 0 -1 ¢

Theorem 5.3. Forn>j—1, 2<r<k—-1and2<j5<k

det Mn (Cr,ka 2737 cee 7.7) =0j-1,j4r—1 = fii;;i

where G,, = [gi5] -
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Proof. First we prove the case r = 2and 2 < j < k. If we expand det M,, (c2.%,2,3,...,7)
by the Laplace expansion of determinant, then we obtain the following equation by
combining (5.1) and (5.2)

det M, (CQ,ka 2,3,...,7)
= Cjt1 det Mn,j + Cjt2 det Mn,j,1 + - +cpdet My _pqa
= Cj+1frlz—j +Cyafnjr o Crfair-

By adding and subtracting c1 fl +cof! 1+ +¢; ,1L_j+1 to both sides of the above
equation, we get

det Mn (Cg)k, 2, 3, ces ,])
= (le’rlL R 711—j+1) + Cj+1fﬁ—j ot e fp g
—(afy+eafa g+ + ijéfjﬂ)

= 114-1 - le'rll, - C2]‘%—1 - ijvlL—jH-
By (1.4), we get
det M, (c2.%,2,3,...,j) = f2—coft | —esft - = cjfrlkjﬂ
= 2—1 - CSfrlL—2 - ijrlL—j-s-l

Y 1 _ i+l
= fn—j+2 = Cifp—jr1 = fn—j+1'

Thus the proof is complete for r = 2.
Now we consider the case r > 2. If j is greater than k£ — 2, then the matrix

M, (¢rk,2,3,...,7) has a zero row and so we ignore this case. For r > 2 and
j <k — 2, we obtain, by (1.4), (5.1) and (5.2)

det M, (¢r5,2,3,...,])

= Cppj_r1det My_j + - +cpdet My_p4q

= Cr+j—1f71L—j + CTJijYlL—j—l ot e fp g
= fari—efa—Cafyy = = crpjafasjn

2 1 1
= fn - Can—l - CT+j—2fn—j+1

_ er+j—2 . 1 _ per+j—1
n—j+2 — Crei—2fn_jr1 = Faliin
which completes the proof for all cases. 1
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